In this note we present an elementary proof that an Abelian lf*-algebra is generated by the range of some real spectral measure.
Let H denote a separable Hubert space and âS(H) the algebra of all bounded operators on H. A subalgebra«s/ of 08(lt) is called a W/*-algebra if I esé, if T* esé whenever T ese and if sé is closed in the weak operator topology.
Suppose £ is a real compact spectral measure. Let ¿M(E) denote the range of E and let sé(E) be the lF*-algebra generated by ¿%(E). (Note that A esé(E) if and only if A=j^aa (f>(X) dE(X) where (f> is an essentially bounded, complex-valued, borel measurable function on iM.) One obviously has i\\&tstf(E) is an Abelian W*-algebra. One of the fundamental theorems in the analysis of W*-algebras states that all Abelian W*-algebras arise in this manner (see Dixmier [1] , Naimark [2] , or Schwartz [3] ). In this paper we present an elementary method for constructing a spectral measure whose range generates a given Abelian IT*-algebra.
Throughout this discussion, H will represent a fixed, separable Hubert space. Let JSf be the lattice of all projections (selfadjoint) on H, and assume that S£ inherits the weak operator topology.
Let {e,, e2, • • -j be a countable dense subset of {x e H\\\x\\ = 1}. For each P m Se set a(P)=2£U ^n IWOII". Proof. One can easily check that a is continuous, a(0)=0 and a(/)=l. «(P) = 2 2-n \\p(en)\\2 ^ 2 2"re new»2 = <Q).
Suppose that <x(PJ-*a(P) and PnSP for each n=\, 2, • ■ ■ . Then
But ||P(e,)||* -\\Pn(e,W = {Peite¿ -(P"et, ef)
= ((P -P"K, eÉ) = Il (P-PJe.il2.
Therefore ||(P-PB)e,||-»4) for each /=1, 2, ■ • ■ , and hence P"->P in if.
Lemma 2. Leí W be a chain in ¿£. There is a real spectral measure E<¿ with tf<= 3t(Ev). Lemma 3. Let <€ be the chain of projections 0<Pt<-• -<Pn</, a«i/ suppose P is a projection that commutes with Pi for lisian.
Leí fé" = {PP¡,P + (r-P)P" 0,l\\^i<n}. T is a chain, and if Eg, Er are the spectral measures associated lo W, (6' respectively as in Lemma 2 then í#(E<¿)<=. &t(Er) and P e -JA(EV.).
Proof. Each element of <2" is obviously a projection, and one has 0 ^ PPl ^ ■ ■ ■ < PPn ^ P ^ P + (/ -P)Pt < • • • S P + (I -P)P" ^ I.
Hence, rr?' is a chain. Proof.
Suppose P, Q e c6; then there exist n, m such that P £&" and
